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Supersymmetric Probes in a Rotating 5D Attractor
Wei Li and Andrew Strominger
Jeﬀerson Physical Laboratory, Harvard University, Cambridge MA 02138, USA
Abstract
Supersymmetric zero-brane and one-brane probes in the squashed AdS2 ×S3 near-
horizon geometry of the BMPV black hole are studied. Supersymmetric zero-brane
probes stabilized by orbital angular momentum on the S3 are found and shown to
saturate a BPS bound. We also ﬁnd supersymmetric one-brane probes which have
momentum and winding around a U(1)L × U(1)R torus in the S3 and in some cases
are static.Contents
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1 Introduction
The near-horizon attractor geometry of a BPS black hole has twice as many supersymmetries
as the full asymptotically ﬂat solution. In four dimensions, such geometries admit BPS
probe conﬁgurations which preserve only near-horizon supersymmetries, and break all of
the supersymmetries of the original asymptotically ﬂat solution [1]. A novel feature of these
conﬁgurations is that branes and anti-branes antipodally located on the S2 preserve the same
supersymmetries. Quantization of these classical conﬁgurations leads to lowest Landau levels
which tile the black hole horizon [2]. In some cases the degeneracies saturate the Bekenstein-
Hawking black hole entropy [3]. Furthermore, an appropriate expansion of the black hole
partition function in a dilute gas of these states [4] yields a derivation of the OSV relation
[5].
These interesting 4D phenomena should all have closely related 5D cousins [6]. With
this in mind, the present paper extends the 4D classical BPS probe analysis of [1] to ﬁve
dimensions. The 5D problem is considerably enriched by the fact that 5D BMPV BPS
black holes can carry angular momentum J and have a U(1)L ×SU(2)R rotational isometry
group [7]. BPS zero-brane probes that orbit the S3 are found using a κ-symmetry analysis.
Their location in AdS2 depends on the azimuthal angle on S3, the background rotation J,
and the angular momentum of the probe. For one-branes, we ﬁnd BPS conﬁgurations with
momentum and winding around a torus generated by a U(1)L×U(1)R rotational subgroup.1
A one-brane in ﬁve dimensions can carry the magnetic charge dual to the electric charge
supporting the BMPV black hole. Interestingly, we ﬁnd that this allows for static BPS
“black ring” conﬁgurations, where the angular momentum required for saturation of the
BPS bound is carried by the gauge ﬁeld.
1Inclusion of these states in the partition function of [4] could lead to non-factorizing corrections to the
OSV relation.
12 Review of the BMPV black hole
The 5D N = 2 supersymmetric rotating black hole arises from M2-branes wrapping holo-
morphic curves of a Calabi-Yau threefold X. It is characterized by electric charges qA,
A = 1,2,..b2(X), and the angular momentum J in SU(2)left. The metric is [7]
ds
2 = −
￿
1 +
Q
r2
￿−2 ￿
dt +
J
2r2σ3
￿2
+
￿
1 +
Q
r2
￿
￿
dr
2 + r
2dΩ
2
3
￿
, (1)
dΩ
2
3 =
1
4
￿
dθ
2 + dφ
2 + dψ
2 + 2cosθdψdφ
￿
=
1
4
3 X
i=1
(σi)
2, (2)
where the ranges of the angular parameters are
θ ∈ [0,π], φ ∈ [0,2π], ψ ∈ [0,4π]. (3)
σi are the right-invariant one-forms:2
σ1 = −sinψdθ + cosψ sinθdφ,
σ2 = cosψdθ + sinψ sinθdφ, (4)
σ3 = dψ + cosθdφ,
and we choose Planck units l5 = (
4G5
π )1/3 = 1. The graviphoton charge Q is determined via
the equations
Q
3
2 = DABCy
Ay
By
C, (5)
qA = 3DABCy
By
C, (6)
with DABC the intersection form on X.
The near-horizon limit (r → 0) of the metric is
ds
2 = −
￿
r2
Q
dt +
J
2Q
σ3
￿2
+ Q
dr2
r2 + QdΩ
2
3. (7)
Rescaling t to absorb Q, deﬁning sin
2 B = J2
Q3 and r2 = 1/σ, we obtain the metric in Poincar´ e
coordinates:
ds
2 =
Q
4
￿
−(
dt
σ
+ sinBσ3)
2 +
dσ2
σ2 + σ
2
1 + σ
2
2 + σ
2
3
￿
. (8)
2The SU(2) rotation matrix is parameterized as:
e
i
σz
2 ψe
i
σy
2 θe
i
σz
2 φ =
￿
cos θ
2ei(ψ+φ)/2 sin θ
2ei(ψ−φ)/2
−sin θ
2e−i(ψ−φ)/2 cos θ
2e−i(ψ+φ)/2
￿
.
2The graviphoton ﬁeld strength in these coordinates is
F[2] = dA[1], A[1] =
√
Q
2
[
1
σ
dt + sinBσ3]. (9)
We will also be using the metric in the global coordinates (τ,χ,θ,φ,ψ):3
ds
2 =
Q
4
￿
−cosh
2 χdτ
2 + dχ
2 + (sinB sinhχdτ − cosBσ3)
2 + σ
2
1 + σ
2
2
￿
, (10)
in which
A[1] =
√
Q
2
[cosB sinhχdτ + sinBσ3]. (11)
The near horizon geometry of the BMPV black hole is a kind of squashed AdS2 × S3.
The near-horizon isometry supergroup is SU(1,1|2) × U(1)left, where the bosonic subgroup
of SU(1,1|2) is SU(1,1) × SU(2)right [10]. When J = 0, U(1)left is promoted to SU(2)left
and the full SO(4) ∼ = SU(2)right × SU(2)left rotational invariance is restored. The unbroken
rotational symmetries for J  = 0 are generated by the Killing vectors
ξ
L
3 = ∂ψ (12)
and
ξ
R
1 = sinφ∂θ + cosφ(cotθ∂φ − cscθ∂ψ),
ξ
R
2 = cosφ∂θ − sinφ(cotθ∂φ − cscθ∂ψ), (13)
ξ
R
3 = ∂φ.
The supersymmetries arise from Killing spinors ǫ which are the solutions of the equation
￿
d +
1
4
ωabΓ
ab +
i
8
￿
e
aΓ
bcΓaFbc − 4e
aΓ
bFab
￿
￿
ǫ = 0 (14)
3The coordinate transformation between the global coordinates and Poincar´ e ones is:
t =
cosB coshχsinτ
coshχcosτ + sinhχ
,
σ =
1
coshχcosτ + sinhχ
,
ψPoincar´ e = ψglobal + 2tanB tanh
−1 (e−χ tan
τ
2
).
3To solve this in global coordinates we choose the vielbein
e
0 =
√
Q
2
[cosh(sinB cosBψ)coshχdτ + sinh(sinB cosBψ)dχ],
e
1 =
√
Q
2
[sinh(sinB cosBψ)coshχdτ + cosh(sinB cosBψ)dχ],
e
2 =
√
Q
2
[−sin(cos
2 Bψ)dθ + cos(cos
2 Bψ)sinθdφ], (15)
e
3 =
√
Q
2
[cos(cos
2 Bψ)dθ + sin(cos
2 Bψ)sinθdφ],
e
4 =
√
Q
2
[−sinB sinhχdτ + cosBσ3].
The Killing spinors are then [8][9]
ǫ = e[− 1
2(sinB cosBΓ01+cos2 BΓ23)ψ]e[+ 1
2(cosBΓ24+isinBΓ2)θ]e[− 1
2(cosBΓ34+isinBΓ3)φ]
e[+ 1
2(sinBΓ04−icosBΓ0)χ]e[− 1
2(sinBΓ14−icosBΓ1)τ]ǫ0
≡ Sǫ0, (16)
where ǫ0 is any spinor with constant components in the frame (15).
For Poincar´ e coordinates we choose the vielbein
e
0 =
√
Q
2
[
dt
σ
+sinBσ3], e
1 =
√
Q
2
dσ
σ
, e
2 =
√
Q
2
σ1, e
3 =
√
Q
2
σ2, e
4 =
√
Q
2
σ3.
(17)
The Killing spinors are [10]
ǫ
+ =
1
√
σ
R(θ,φ,ψ)ǫ
+
0 , (18)
ǫ
− =
￿
√
σ(1 − sinBΓ
04) −
t
√
σ
Γ
01
￿
R(θ,φ,ψ)ǫ
−
0 , (19)
where
R(θ,φ,ψ) = e
− 1
2Γ23ψe
1
2Γ24θe
− 1
2Γ23φ,
iΓ
0ǫ
±
0 = ±ǫ
±
0 , (20)
for constant ǫ
±
0 .
3 Supersymmetric probe conﬁgurations
In this section, we ﬁnd classical brane trajectories which preserve some supersymmetries of
the rotating attractor (7). The worldvolume action has a local κ-symmetry (parameterized
4by κ) as well as a spacetime supersymmetry transformation (parameterized by ǫ) which
acts nonlinearly. A spacetime supersymmetry is preserved if its action on the worldvolume
fermions Θ can be compensated by a κ transformation [11][12]:
δǫΘ + δκΘ = ǫ + (1 + Γ)κ(σ) = 0, (21)
where Γ is given in various cases analyzed below. This gives the condition
(1 − Γ)ǫ = 0, (22)
which must be solved for both the Killing spinor and the probe trajectory.
3.1 Zero-brane probe
For the zero-brane the (bosonic part of the) κ-symmetry projection operator is
Γ =
1
√
h00
˜ Γ0, (23)
where h and ˜ Γ0 are the pull-backs of the metric and Dirac matrix onto the worldline of the
zero-brane, respectively:
h00 = ∂0X
 ∂0X
νG ν, (24)
˜ Γ0 = ∂0X
 e
a
 Γa. (25)
3.1.1 Global coordinates
First, let’s look at the global coordinates. In the static gauge, where we set the worldvolume
time σ0 equal to the global time τ, the κ-symmetry operator is
Γ =
1
√
h00
dX 
dτ
e
a
 Γa. (26)
To solve for the classical trajectory of a supersymmetric zero-brane, we plug the Killing
spinors (16) into the κ-symmetry condition (22) of the supersymmetric zero-brane. A zero-
brane following a classical trajectory, given by (χ(τ),θ(τ),φ(τ),ψ(τ)), is supersymmetric if,
in the notation of (16),
1
√
h00
dX 
dτ
e
a
 S
−1ΓaSǫ0 = ǫ0, (27)
5for some constant ǫ0, where S = S(χ,τ,θ,φ,ψ). The explicit prefactors are
S
−1e
a
0ΓaS =
√
Q
2
[(coshχcosτ cos
2 B + sinθcosφsin
2 B)Γ
0
+icoshχsinτ cosBΓ
01 − icosθsinBΓ
02 − isinθsinφsinBΓ
03
+i(coshχcosτ − sinθcosφ)sinB cosBΓ
04],
S
−1e
a
1ΓaS = (−1)
√
Q
2
[sinθcosφcosτΓ
1
−sinτ sinBe
1
2(cosBΓ34+isinBΓ3)φe
−(cosBΓ24+isinBΓ2)θe
1
2(cosBΓ34+isinBΓ3)φΓ
4
−icosτ cosθsinBΓ
12 − icosτ sinθsinφsinBΓ
13 + ie
(sinBΓ14−icosBΓ1)τ sinhχcosBΓ
01
+i(coshχ − sinθcosφcosτ)cosB(sinBΓ
14 − icosBΓ
1)],
S
−1e
a
2ΓaS = (−1)
√
Q
2
[coshχcosτ cosφΓ
3 − coshχcosτ sinφcosBΓ
4 (28)
+e
(cosBΓ34+isinBΓ3)φ(+isinhχcosBΓ
03 − icoshχsinτ cosBΓ
13 + icosθsinBΓ
23)
+i(coshχcosτ cosφ − sinθ)sinB(cosBΓ
34 + isinBΓ
3)],
S
−1e
a
3ΓaS = (−1)
√
Q
2
[(coshχcosτ cos
2 B + sinθcosφsin
2 B)Γ
2
+isinhχcosBΓ
02 − icoshχsinτ cosBΓ
12 − isinθsinφsinBΓ
23
+i(coshχcosτ − sinθcosφ)sinB cosBΓ
24],
S
−1e
a
4ΓaS = (−1)
√
Q
2
cosBe
+ 1
2(sinBΓ14−icosBΓ1)τe
−(sinBΓ04−icosBΓ0)χe
+ 1
2(sinBΓ14−icosBΓ1)τ
e
+ 1
2(cosBΓ34+isinBΓ3)φe
−(cosBΓ24+isinBΓ2)θe
+ 1
2(cosBΓ34+isinBΓ3)φΓ
4.
We ﬁrst see that a probe static in the global time τ cannot be supersymmetric. For such
a probe we have
dχ
dτ = dθ
dτ =
dφ
dτ =
dψ
dτ = 0 and the κ-symmetry condition reduces to
1
p
−1 − cos2 B sinh
2 χ
  [(coshχcosτ cos
2 B + sinθcosφsin
2 B)Γ
0
+icoshχsinτ cosBΓ
01 − icosθsinBΓ
02 − isinθsinφsinBΓ
03 (29)
+i(coshχcosτ − sinθcosφ)sinB cosBΓ
04]ǫ0 = ǫ0.
The terms in this equation proportional to cosτ, sinτ and 1 must all vanish separately,
which is clearly impossible. The lack of such conﬁgurations is not surprising, because angular
momentum must be nonzero for a nontrivial BPS conﬁguration.
Now we allow the probe to orbit around the S3. Solving the κ-symmetry condition (22)
using (28) for Killing spinors obeying
Γ
02ǫ0 = ∓ǫ0, (30)
we ﬁnd the supersymmetric trajectory at a generic (χ,θ,ψ) to be
dχ
dτ
=
dθ
dτ
=
dψ
dτ
= 0,
dφ
dτ
= ±1. (31)
6This is a probe orbiting along the φ-direction.
The constraint on the Killing spinor (30) projects out half of the components of ǫ0, i.e. the
orbiting zero-brane probe is a half-BPS conﬁguration. We will show in the next subsection,
using the BPS bound, that this supersymmetric trajectory is unique up to rotations.
3.1.2 A BPS bound
The worldline action of a zero brane probe, with mass m and the electric charge q, can be
written as
S = −m
Z √
hdσ
0 + q
Z
A[1], (32)
where A[1] is the 1-form gauge ﬁeld (11). We consider supersymmetric probes which have
q = m.4
In global coordinates with σ0 = τ, the Lagrangian of the system is
L =
√
Q
2
{−m
q
cosh
2 χ − ˙ χ2 − [sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)]2 − ˙ θ2 − sin
2 θ ˙ φ2
+m[cosB sinhχ + sinB( ˙ ψ + cosθ ˙ φ)]}. (33)
The corresponding Hamiltonian is
H = coshχ
s
P 2
χ + P 2
θ + (
cosθPφ − Pψ
sinθ
)2 + P 2
φ + (
sinBPψ −
√
Q
2 m
cosB
)2 + sinhχ(
sinBPψ −
√
Q
2 m
cosB
),
where the momenta are
Pχ =
m
√
Q
2
√
h
˙ χ,
Pθ =
m
√
Q
2
√
h
˙ θ, (34)
Pφ =
m
√
Q
2
￿
1
√
h
￿
−cosB cosθ[sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)] + sin
2 θ ˙ φ
￿
+ sinB cosθ
￿
,
Pψ =
m
√
Q
2
￿
1
√
h
￿
−cosB[sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)]
￿
+ sinB
￿
,
and
h = cosh
2 χ − ˙ χ
2 − [sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)]
2 − ˙ θ
2 − sin
2 θ ˙ φ
2. (35)
4The zero-brane can be obtained by wrapping M2-branes on the holomorphic two-cycles of the Calabi-Yau
threefold X. It carries electric charges vA, A = 1,2,..b2(X). Then m = q =
vAy
A
√
Q/2.
7The unbroken rotational symmetries lead to the conserved charges:
J
1
right = sinφPθ + cosφ(cotθPφ − cscθPψ),
J
2
right = cosφPθ − sinφ(cotθPφ − cscθPψ), (36)
J
3
right = Pφ,
J
3
left = Pψ.
It is easy to see that there are no static solutions. They would have to minimize the
potential energy according to
0 =
∂H
∂χ
=
√
Q
2
mcosB coshχ(
cosB sinhχ
p
cos2 B sinh
2 χ + 1
− 1), (37)
which has no solutions for ﬁnite χ. Physically, the probe is accelerated to χ = ±∞.
Now we allow the probe to orbit. Solutions of this type can be stabilized by the angular
potential. The supersymmetric conﬁguration turns out to be at constant radius in the AdS2,
i.e. Pχ = 0. The Hamiltonian is minimized with respect to χ when
tanhχ = −
1
r
P 2
θ + (
cosθPφ−Pψ
sinθ )2 + P 2
φ + (
sinBPψ−
√
Q
2 m
cosB )2
(
sinBPψ −
√
Q
2 m
cosB
). (38)
The value of H at the minimum is
Hmin =
r
P 2
θ + (
cosθPφ − Pψ
sinθ
)2 + P 2
φ = |  Jright|, (39)
where |  Jright|2 = (J1
right)2 + (J2
right)2 + (J3
right)2. This implies the BPS bound
H ≥ |  Jright| (40)
for generic χ.
Up to spatial rotations, we may always choose static BPS solutions to satisfy
H = J
3
right = ±Pφ, J
1
right = J
2
right = 0. (41)
This implies
Pθ = 0, cosθPφ = Pψ. (42)
Hence, the azimuthal angle is determined by the ratio of left and right angular momenta:
cosθ =
J3
left
J3
right
. (43)
8We can rewrite ˙ φ and ˙ ψ in terms of Pφ and Pψ. With ˙ χ = ˙ θ = 0,
˙ φ =
coshχ(
Pφ−cosθPψ
sin2 θ )
r
P 2
θ + (
cosθPφ−Pψ
sinθ )2 + P 2
φ + (
sinBPψ−
√
Q
2 m
cosB )2
, (44)
˙ ψ =
coshχ[tanB(
sinBPψ−
√
Q
2 m
cosB ) − (
cosθPφ−Pψ
sin2 θ )]
r
P 2
θ + (
cosθPφ−Pψ
sinθ )2 + P 2
φ + (
sinBPψ−
√
Q
2 m
cosB )2
+ tanB sinhχ. (45)
Eliminate χ through (38),
˙ φ =
1
q
P 2
θ + (
cosθPφ−Pψ
sinθ )2 + P 2
φ
(
Pφ − cosθPψ
sin
2 θ
), (46)
˙ ψ =
1
q
P 2
θ + (
cosθPφ−Pψ
sinθ )2 + P 2
φ
(
Pψ − cosθPφ
sin
2 θ
). (47)
Plug in (42), the solution is
˙ θ = 0, ˙ φ = ±1, ˙ ψ = 0, (48)
for which (Pφ,Pψ) are
Pψ = ±
√
Q
2
m
cosθ
cosB sinhχ ± sinB cosθ
, (49)
Pφ = ±
√
Q
2
m
1
cosB sinhχ ± sinB cosθ
. (50)
The energy of the particle following this trajectory is equal to ±Pφ:
H =
√
Q
2
m
1
cosB sinhχ ± sinB cosθ
= ±Pφ. (51)
We see that the solution with ˙ φ = 1 ( ˙ φ = −1) corresponds to a chiral (anti-chiral) BPS
conﬁguration.
Therefore, we have conﬁrmed that the supersymmetric trajectories (31) obtained by
solving the κ-symmetry condition correspond to the BPS states.
3.1.3 Poincar´ e coordinates
In Poincar´ e coordinates and static gauge σ0 = t, the κ-symmetry condition for a static probe
is
1
q
−
1
σ2
￿
−
1
σ
Γ
0
￿
ǫ = iΓ
0ǫ = ǫ. (52)
9This equation is solved by simply taking ǫ = ǫ+ = 1 √
σR(θ,φ,ψ)ǫ
+
0 . Again, we ﬁnd a half-
supersymmetric solution, although the broken supersymmetries are diﬀerent than in the
global case. It can be seen that there are no supersymmetric orbiting trajectories in Poincar´ e
time.
3.2 One-brane probe
In this subsection, we ﬁnd some supersymmetric one-brane conﬁgurations. We consider a
speciﬁc Ansatz with no worldvolume electromagnetic ﬁeld and with the one-brane geometry:
τ = σ
0,
φ = ˙ φσ
0 + φ
′σ
1, (53)
ψ = ˙ ψσ
0 + ψ
′σ
1,
where (σ0,σ1) are worldvolume coordinates, and ˙ φ, ˙ ψ, φ′ and ψ′ are all taken to be constant.
Note that since (ψ,φ) are the orbits of (J3
L,J3
R), they may be viewed as one-brane momentum-
winding modes on the torus generated by (J3
L,J3
R). This torus degenerates to a circle at
the loci θ = {0,π}. One-branes of the form (53) at these loci are therefore static (up to
reparametrizations).
With no electromagnetic ﬁeld the κ-symmetry condition is5
1
2
ǫ
ij˜ Γijǫ = ǫ, (54)
where h and ˜ Γi are the pull-backs of the 5D metric and gamma matrices onto the one-brane
worldsheet. With the Ansatz (53), we have explicitly
˜ Γ0 = Γτ + ˙ φΓφ + ˙ ψΓψ, (55)
˜ Γ1 = φ
′Γφ + ψ
′Γψ, (56)
1
2
ǫ
ij˜ Γij =
1
2
√
deth
[φ
′Γτφ + ψ
′Γτψ + ( ˙ φψ
′ − ˙ ψφ
′)Γφψ], (57)
and
h00 =
Q
4
{−cosh
2 χ + [sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)]
2 + sin
2 θ ˙ φ
2},
h11 =
Q
4
{cos
2 B(ψ
′ + cosθφ
′)
2 + sin
2 θ φ
′2}, (58)
h01 =
Q
4
{[sinB sinhχ − cosB( ˙ ψ + cosθ ˙ φ)](−cosB)(ψ
′ + cosθφ
′) + sin
2 θ ˙ φφ
′},
5There is a simple kappa-symmetric action in six dimensions, but not in ﬁve. In 5D we expect an extra
scalar ﬁeld along with the transverse coordinates to ﬁll out the supermultiplet. For the case of the M5-brane
wrapping a Calabi-Yau 4-cycle, the scalar in the eﬀective one-brane arises as a mode of the antisymmetric
tensor ﬁeld. The Ansatz of this section corresponds to taking this extra scalar to be a constant.
10and hence
deth = (
Q
4
)
2{cosh
2 χ[cos
2 B(ψ
′+cosθφ
′)
2+sin
2 θφ
′2]−sin
2 θ[sinB sinhχφ
′−cosB(−ψ
′ ˙ φ+φ
′ ˙ ψ)]
2}.
(59)
It is simplest to analyze the κ-symmetry condition in the form
S
−11
2
ǫ
ij˜ ΓijSǫ0 = ǫ0. (60)
The rotated gamma matrices appearing in this expression are explicitly
S
−1ΓτφS (61)
= −
Q
4
[(cosh
2 χcos
2 B + sin
2 θsin
2 B)Γ
02 − i(coshχcosτ cos
2 B + sinθcosφsin
2 B
−icoshχsinτ cosBΓ
1 + isinθsinφsinBΓ
3
−i(coshχcosτ − sinθcosφ)sinB cosBΓ
4)(cosθsinBΓ
0 + sinhχcosBΓ
2)],
S
−1ΓτψS (62)
=
Q
4
cosB{−cosh
2 χcosθcosBΓ
02
+cosB sinhχ[icoshχsinθcosτ cosφΓ
4 + coshχsinθsinφsinτΓ
13
−coshχsinθcosτ sinφ(sinBΓ
34 − icosBΓ
3)
+coshχsinθcosφsinτ(cosBΓ
14 + isinBΓ
1)]
−(cos
2 B cosh
2 χsinθcosφ + sin
2 B coshχcosτ)Γ
04 − sinB cosB coshχsinhχcosτ cosθΓ
24
−coshχsinτ sinBΓ
01 + cosB coshχsinhχcosθsinτΓ
12
−cosh
2 χsinθsinφcosBΓ
03
−icoshχ(coshχsinθcosφ − cosτ)sinB cosBΓ
0 + icos
2 B coshχsinhχcosτ cosθΓ
2},
S
−1ΓφψS (63)
=
Q
4
cosB{+sinhχsin
2 θsinBΓ
02
+sinB cosθ[icoshχsinθcosφcosτΓ
4 + coshχsinθsinφsinτΓ
13
+coshχsinθcosφsinτ(cosBΓ
14 + isinBΓ
1)
−coshχsinθsinφcosτ(sinBΓ
34 − icosBΓ
3)]
−sinB cosB sinhχsinθcosθcosφΓ
04 + (coshχsin
2 θcosτ sin
2 B + sinθcosφcos
2 B)Γ
24
−coshχsin
2 θsinτ sinBΓ
12
−sinB sinθcosθsinφsinhχΓ
03 + sinθsinφcosBΓ
23
−isin
2 B sinhχsinθcosθcosφΓ
0 − isinθ(coshχsinθcosτ − cosφ)cosB sinBΓ
2}.
11This all simpliﬁes at points obeying
sinhχ = ±tanB cosθ (64)
when −ψ′ ˙ φ + φ′ ˙ ψ = ±ψ′. Under these conditions
√
deth =
Q
4
(φ
′ + cosθψ
′), (65)
and
S
−1[φ
′Γτφ + ψ
′Γτψ + ( ˙ φψ
′ − ˙ ψφ
′)Γφψ]S
=
Q
4
[−(φ
′ + cosθψ
′)Γ
02 + (φ
′ b D1 + ψ
′ b D2)(Γ
0 ± Γ
2)], (66)
where
b D1 = icosθsinB[coshχcosτ cos
2 B + sinθcosφsin
2 B
−icoshχsinτ cosBΓ
1 + isinθsinφsinBΓ
3 − i(coshχcosτ − sinθcosφ)sinB cosBΓ
4],
b D2 = −cosB(cos
2 B sinθcosφ + sin
2 B coshχcosτ)Γ
4 + cosB sinB coshχsinτΓ
1
+cos
2 B sinθsinφΓ
3 − isinB cos
2 B(sinθcosφ − coshχcosτ).
So far we have not chosen which supersymmetries are to be preserved. We take those
generated by spinors obeying Γ02ǫ0 = ±ǫ0, or equivalently Γ2ǫ0 = ∓Γ0ǫ0. In this case, the
last term in (66) can be dropped and the supersymmetry conditions are satisﬁed.
To summarize, any conﬁguration satisfying
− ψ
′ ˙ φ + φ
′ ˙ ψ = ±ψ
′, ˙ χ = ˙ θ = 0,
sinhχ = ±tanB cosθ (67)
preserves those supersymmetries corresponding to
Γ
02ǫ0 = ±ǫ0. (68)
Other BPS conﬁgurations preserving other sets of supersymmetries can be obtained by
SL(2,R) × SO(4) rotations of these ones.
Note that, as for the zero-branes, there are generic solutions for any θ. These include
θ = {0,π}, which correspond to static one-branes because the (ψ,φ) torus degenerates to a
circle along these loci. Static solutions are possible because a one-brane probe in 5D couples
magnetically to the dual of the spacetime gauge ﬁeld F[2] of (11) hence there is nonzero
angular momentum carried by the ﬁelds.
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